Aging organizations -regardless of whether they are firms, faculties, societies, political bodies, teams, or national academies -seek ways to rejuvenate. This paper demonstrates that the best way to keep an organization young is through a mixed strategy of recruiting both young and old, and that, contrary to intuition, recruiting those of middle age is the least effective strategy for maintaining a younger age structure.
Introduction
The demography of professional organizations, such as learned societies, has recently been the focus of several studies (Leridon 2004; van de Kaa and de Roo 2006; Cohen 2003 Cohen , 2006 . Leridon (2004) , who studied the development of the French Academy of Sciences, has drawn attention to an important aspect of the age dynamics of this learned society. He states: "To counteract the spontaneous trends in aging in the institution new members would have to be elected at increasingly young ages year after year, which would have the drawback of reducing the rate of population replacement."
In a similar vein, the Austrian Academy of Sciences (ASA) is concerned that an aging membership could have a significant negative impact on the representative, advisory, managerial, and other services that the members are expected to provide. Recently, the president of the ASA asked the authors for their view on what kind of measures should be taken to address the problem of increasing aging.
The Academy is limited to 90 full members, evenly divided between two sections: mathematical and natural sciences, and social sciences and humanities. The current members elect newcomers when positions fall vacant. When they reach the age of 70, members gain emeritus status, and cease to count towards the 90 positions; elderly members are also no longer eligible to be officers of the Academy. Thus mortality, out-migration or leaving the Academy for other reasons, and retirement (Emeritierung) provide the main opportunities for the election of new members.
In principle the population dynamics of the Academy can be studied using the same methods as those employed when studying any other population. However, the Academy's vital events differ from those of a conventional population. The population dynamics in hierarchical bodies in which the total membership size remains constant is determined by the rate of intake, the age distribution at entry into a given status, the number of exits (deaths or dismissals), the statutory retirement age, and the population size. The intake itself is strictly determined by the number of deaths and retirements. The only scope for modifying the age structure lies in the age distribution of entries, e.g., at election. To counteract the trend of aging, new members have to be elected at increasingly young ages. However, this would have the drawback of reducing the inflow of new members. Thus, there is a fundamental dilemma in a constant-sized, age-structured population, such as in an academy of sciences: a desire to maintain a young age structure, while ensuring a high recruitment rate.
The above dilemma could be viewed as a problem which could be resolved using two conflicting strategies: minimizing the average age, and maximizing the recruitment rate. In more realistic terms, given the strong forces that have already generated significant aging, minimizing the average age at election can be seen as a way decreasing the age, or even simply of preventing further increases. At the same time, the recruitment rate could be maximized by increasing the age at election. Clearly the first approach involves recruiting a greater number of young members, while the second strategy entails recruiting a greater number of older members (who will retire soon, and thus open up new places). In this context, what constitutes a reasonable trade-off? There are (at least) two qualitative possibilities: (i) to recruit more people in the middle of the age range (a compromise), and (ii) to recruit a mixture of young and old members. Our analysis shows, however, that the first strategy actually produces the opposite of the intended result, maximizing the average age and minimizing the recruitment rate. This is especially significant because the current election practice in the ASA shows a strong preference for middle-aged candidates (see the solid line in Figure 1 ). Indeed, current practice might have been designed to achieve a high average age of the Academy. Here we show that a trade-off of the second (bimodal) kind-i.e., recruiting a mixture of new members, some of whom are as young as possible, while others are as old as possible-is optimal if the average age is to be minimized, given the recruitment rate. The precise form of the optimal age distribution of recruitment is obtained by formulating the problem as an one of intertemporal optimization, and by using the optimality conditions of Pontryagin's maximum principle. Although the optimization problem under consideration explicitly involves only the average age and the recruitment rate as objectives/constraints, all other objectives (formal or informal) used in the election practice in reality are implicitly taken into account in the form of constraints on the age density of the inflow, which define the class of "possible" (admissible) distributions.
There may also be significant non-demographic arguments in favor of a bimodal recruitment. For example, Warren Sanderson 5 has pointed out that electing young members means rewarding excellence, while the election of older members is a recognition of lifetime achievement.
The dynamics of a fixed-sized population, and the problem of minimizing its average age without reducing the recruitment rate, are described formally in the next section using a standard continuous-age model of a stationary population. Particular attention is given to the constraints on the age distribution of the recruitment, which encapsulate all other objectives. The optimal age distribution of recruitment is characterized in Section 2, although the proof using the Pontryagin maximum principle is presented in Section 4. This naturally leads us to the principle of a bimodal distribution for the election of new members. In Section 3, we provide some intuitive explanations for the bimodal policy, using some simple ideas from mathematical demography. Section 5 presents the numerical results for the case study of the Austrian Academy of Sciences.
2. Incorporating the concern over the aging of members into recruitment policy In general, the selection of new members of an organization is a multi-objective decision problem with performance indexes that are difficult to specify even informally, let alone in a formal model. Nevertheless, the demographic aspects of the existing election policy in a given organization are exhibited by the age density, u # (a), of the recruitment 8 . The solid line in Figure 1 represents the smoothed statistical data for the age density of newly elected members of the Austrian Academy of Sciences during the years 1996-2005.
If the average age of members is considered to be too high, then the age density of recruitment should be changed from the density seen in Figure 1 . This should be done in such a way that the size of the stationary population remains the same, sayM , and the number of elections per year remains the same, R. Moreover the change should be small, to avoid any significant compromising of the election criteria that is currently used. We formalize the last requirement by restricting the age density of recruitment, u(a) as follows:
(
with a small positive tolerance parameter ε. The thin lines in Figure 1 bound the tolerance area corresponding to ε = 0.2. Thus all densities u(a) with a graph that lies in this area (that is, (1) holds) do not appear to compromise the present election criteria to a significant degree. The freedom that the tolerance gives us in choosing the recruitment age density u(a) provides the scope for decreasing the average age of the organization as much as possible. Thus we can express it as the following formal problem, where the age a is considered as a continuous variable, and M (a) is the age profile of the members:
subject to
where µ(a) is the departure rate at age a (not counting retirement) and ω is the retirement age. At age ω all members retire and are no longer counted as contributing to the total size of the Academy and to the average age. Equation (3) is well known in the demographic literature. It says that, for a stationary population, the change in the number of members with age at a given age a equals the number of recruits Ru(a), minus the number of departures, µ(a)M (a). Equation (4) requires that the size of the population equals the numberM . In equation (5) u(a) ≤ u * (a) two functions define the bounds for the age density u(a) (for example, u(a) (1)), and the last equation implies that the density u is normalized. The expression in (2) represents the average age.
We can note that the values u(a) andū(a), which define the tolerance around the present election profile, may also be used to take into account some administrative regulations. For example, if no recruitment is allowed above a certain age, one has to take u(a) =ū(a) = 0 above this age.
Our main result characterizes the structure of the optimal recruitment policy, u(a), using the following assumption.
Assumption. The mortality rate, µ(a), is a non-negative continuously differentiable convex function, which may be equal to zero on some interval [0, a 0 ], and increases strictly on (a 0 , ω].
Proposition 1
The optimal recruitment policy, u(a), has the following structure: there are (possibly degenerate) intervals [0, θ] and [τ, ω] such that
The message of the above proposition is clear: the optimal strategy is to balance recruitment between as many candidates as possible of both young and old ages, but to recruit as few as possible who are middle-aged. "Possible" is defined here by the tolerance levels u(a) andū(a) resulting from the present election practice. Thus the qualitative policy implication is that, if a recruiting committee faces a problem of aging in a fixed-sized organization with a fixed recruitment rate, it has to avoid (ceteris paribus) middle-aged candidates, opting instead for selecting an appropriate mixture of competitive candidates of younger and older ages.
This principle of bimodal recruitment is established, and has been proven within a somewhat different framework in Feichtinger and Veliov (2007) (also for non-stationary societies). We present a much simpler proof for the steady-state population considered in the present paper, along with some additional formal analysis and discussions in Section 4. The essence of the result can be clearly stated. If the average age matters for the organization, then this has a polarizing effect on the optimal recruitment policy: it shifts recruitment away from candidates of middle ages, while causing the organization to concentrate its recruitment efforts partly on candidates of younger ages, and partly on candidates of older ages.
We stress that the assumption made before the proposition is formulated is essential for the validity of the bimodal recruitment principle. It is usually satisfied by the mortality rate for human populations of ages between 40 and 70 (as may, for example, be the case in an academy), where mortality progressively increases with age. If, however, in some contexts (e.g. for members of political parties), the departure rate µ happens to achieve the maximum at some intermediate age, then any form of bimodal recruitment may not be optimal.
3. Simple explanations of the bimodal recruitment policy using ideas from mathematical demography
In this section we use some basic results from population mathematics to illustrate why the bimodal recruitment mode holds and to provide the basis for an intuitive understanding of the issue of recruitment. The results are easily presented for the case in which there is no mortality (µ(a) = 0). First we note that the constraints of a fixed size of the society and a given annual number of elections requires us to fix the average duration of membership, d. This follows from the stationary population identity, which holds for populations of constant size with fixed age-specific rates of entry and exit,M = Rd.
The society size (in equilibrium) will be the number of elections per year times the average duration of membership. This relationship implies that the duration of stay d is fixed atM /R. The average duration can be expressed as
where m is the first moment of u around zero, i.e., the mean age of recruitment.
Second, we observe that, in the absence of mortality, the stationary population has an age structure that is simply the cumulation of the distribution of age at election. The number of members of age a is given by
http://www.demographic-research.orgWith the constraint defined and an explicit representation of the age structure, we can now formulate the problem of minimizing the average age of the Academy:
Substitution for M (a) gives,
Reversing the order of integration and simplifying, we obtain
where m 2 is the second moment around zero of the election distribution u(a).
Letting σ 2 = m 2 − m 2 be the variance of the distribution u(a), we can writē
This expression is the core of our demonstration. It tells us that the mean age is a function of only three quantities: the age at "retirement" ω, the mean age of recruitment m, and the variance of the recruitment distribution σ 2 . In this paper, the optimization problem is conditional on fixed values of ω and m, the latter indirectly because the size and the recruitment rate are fixed. Therefore the only available "decision variable" is σ 2 . Maximizing the variance σ 2 subject to the constraint that m is fixed will minimize the mean age of members A.
An intuitive explanation for why maximizing recruitment variance keeps population young can be given as follows. Take an academic department that wants to achieve a steady state in which two persons are hired each year, while at the same time meeting the goal of keeping the average age of current members as young as possible. Say that the age range at hiring is 30 to 70, with 70 being a mandatory age of retirement, and, for simplicity, that every new hire stays until retirement age. If the department is 40 persons in size, then the stationary population identity tells us that the length of stay in the department is the reciprocal of the birth rate. With the birth rate 2/40 = 1/20, this means that each member stays on average 20 years. Thus, the average age at hiring is 50.
To understand why increasing the variance reduces the mean age, begin with the simplest case, where all new hires are made at exactly age 50. In this case, the mean age of the department in steady state will be 60, since there will two persons of every age from 50 to 70. Now, if instead of hiring two 50-year-olds, the department hires one person aged 49 and one person aged 51, the mean duration of 20 years will still be satisfied, but now the steady state will have one person aged 49, one person aged 50, and two persons with an average age of 51+. The mean age of the population will be half a year younger, since in effect we have replaced, in the steady state, a 50-year-old with a 49-year-old.
Indeed, we can make the population even younger by hiring a 48-year-old and 52-year-old, rather than the 49-year-old and 51-year-old.
The only limit to this is when we reach the bounds of the hiring window. In this case, we should hire one 30-year-old and one 70-year-old each year -allowing the 70 year old to retire at the end of his or her 70th year. The department size will still be 40 people, two people can still be hired each year, and the mean age of the department will now be 50, rather than the 60 we started with.
The formal derivation we provide extends this logic to cases in which there is some arbitrary number of new recruits over some arbitrary age range. In practice, the solution is consistently found to lie in hiring at the extremes allowed, with appropriate shares at each extreme needed to keep the mean age of hiring at the desired level.
Here we have dealt only with the steady state of the Academy. But it is worth noting that the convergence to a steady state is also a function of the variance of the age at elections. The larger the variance, the faster a steady state is reached. Thus, by electing a mix of young and old members, the Academy will avoid large echoes of any booms and busts in recruitment.
A different approach for gaining an intuitive understanding of the optimality of bimodal recruitment is to consider the choice of the recruitment age for a single seat in the Academy. If we assume for the sake of simplicity that the recruitment ageâ for that seat will stay constant over time, and that there is no mortality, then the average number of recruitments per period generated by this seat is 1/(ω −â). The constraint of at least R per-period recruitments for the whole Academy implies a minimal number of per-period recruitments to be generated by this seat. Depending on the recruitment age decisions for the other seats, this constraint may or may not be binding. Furthermore, the average age of the member filling this seat isā(â) = 0.5(ω +â) = ω − 0.5t, where t = ω −â denotes the tenure of a member filling that seat. We can now rewrite the problem to choose the recruitment age for the considered seat as
where α is the multiplier associated with the constraint that this seat has to generate some minimal number of per-period recruitments. If this constraint is binding for the considered seat, α is positive, and then obviously the tenure of the member filling this seat should be as close to zero as possible. Put differently, the recruitment ageâ should be as close as possible to ω, where the assumed upper bound on recruitment intensity for a given age might rule out choosingâ exactly equal to ω. If the constraint on the minimal number of per-period recruitments is not binding for the considered seat, the multiplier α is zero, and it is optimal to choose the duration of tenure as close as possible to the upper bound t = ω, which corresponds toâ = 0. In our continuous framework, the measure of every single t't'seat" is zero, which implies that the question of whether the minimal recruitment constraint is binding for a certain seat is not influenced by the choice of recruitment age for that seat. Therefore, this argument can be made for any Academy seat and we find that any optimal choice of the recruitment age must be as close as possible to one of the two boundaries. Noting that the recruitment constraint would be slack if the recruitment age were at the upper bound for all seats, but would be violated if the recruitment age were at the lower bound for all seats, we conclude that, in the best case each of the optimal choices described above must occur for a certain fraction of seats. This gives rise to bimodal recruitment.
Formal discussions and the derivation of the bimodal shape of recruitment
We return to the analysis of the optimization problem (2)-(5). If the exogenous data, u(a),ū(a) and µ(a), are piece-wise continuous, then problem (2)-(5) has a solution 9 , provided at least one admissible age-profile u(a) (that is, for which the constraints (3)-(5) are satisfied) exists.
The first question that must be answered is the following: Does an admissible age profile u(a) exist?
To answer this question, we define the functions u * and u * as
where τ * and τ * are determined from the equations
The existence of solutions for the last equations is obviously implied by the inequali- u # (a) da = 1. Clearly, u * is the recruitment policy with highest average age of recruitment, while u * is the policy with the lowest average age.
The average duration of membership for a policy u (satisfying (5)) is
where
is the expected remaining duration of membership of a member of age a. Hence,
is the number of recruitments per unit of time for recruitment policy u. Then given µ(a), u(a),ū(a) andM , the society can be sustained at sizeM if and only if
A formal derivation of this condition can be carried out by expressing the solution of equation (3) by the Cauchy formula, substituting in (4), and changing the order of integration. In Section 5, we determine the bounds M * and M * numerically for the case study of the Austrian Academy of Sciences. Now we return to the optimization problem (2)-(5). We apply the Lagrange principle, adding (4) and the equations in (5) to the objective function with the Lagrange multipliers λ, and Rν, correspondingly, which transforms the problem into
The classical Pontryagin maximum principle (Pontryagin, Trirogoff, and Neustadt 1962) applied to this problem implies that the optimal recruitment control u(a) satisfies the condition
where ξ(a) is the solution of the (so-called adjoint) differential equation
Thus the optimal recruitment density, u(a), is determined by the solution of equation (12) and (11), where the Lagrange multiplier ν should be determined from the condition that ω 0 u(a) da = 1, and λ should be determined in such a way that equality (4) holds from the resulting solution. This is, in fact, the basis for the numerical solutions given below.
The optimality conditions (11) and (12) also allow us to prove easily Proposition 1 using also the assumption formulated in Section 2.
Proof of Proposition 1. All we have to prove is that if u(a) =ū(a) for some a, then
The analogous claim for u(a) can be proven similarly.
Due to (11), the above statement that we have to verify follows from the following
Assume that the last statement is false. Then there exist
Then ξ achieves a maximum at a point α ∈ (a 1 , a 2 ) and
We consider two cases: 1. ξ(α) ≥ 0. Then the second inequality in (13) implies µ (α) < 0, which contradicts the assumptions. 2. ξ(α) < 0. Since ξ(a 2 ) ≤ ξ(α) < 0 and ξ(ω) = 0, a point β ∈ (α, ω) exists, where ξ obtains a local minimum and ξ(β) ≤ ξ(α). Then we have
If at least one of the inequalities is strict, another contradiction becomes apparent. Thus
This implies that µ (β) = 0 and ξ(α) = ξ(β). Hence ξ(a) = ξ is constant on [α, β] . From (12) we obtain that 0 = µ(a)ξ + a + λ, and µ turns out to be linear in (α, β). Then µ is not strictly increasing in this interval. From the assumptions for µ we obtain that µ(a) = 0 on [α, β], which contradicts the last inequality in (13). This completes the proof.
Theoretically, it is possible that one of the intervals of recruitment, [0, θ] or [τ, ω] is void. However, this may happen only if R = R * (then the reqruitment is concentrated only at old ages, i.e. θ = 0) or R = R * (then τ = ω).
Remark 1 Proposition 1 implies that the optimal solution is unique. Indeed, if u 1 (a) and u 2 (a) are two optimal solutions, then, due to the linearity, 0.5(u 1 + u 2 ) is also an optimal solution. Then it must have the "bang-bang" structure described in Proposition 1. This is possible only if u 1 (a) = u 2 (a) for (almost) all a. Thus the solution is unique.
A case study: the Austrian Academy of Sciences
The size of the Austrian Academy of Science (ASA) is fixed:M = 90. As members age 70 and above are not counted, and members below age 40 are rather rare exceptions, we have ω = 30 (which corresponds to the age interval 40-70 years). The age-dependent mortality rate is identified from data that are specific for the Academy members (the mortality of the members in the above age interval is considerably lower than that of the average population in Austria ).
The statistical information about past elections (years 1996-2005 ) is used to determine the age profile u # (a), given in Figure 1 . If we now consider the problem of optimal reduction of the average age of members, we define the tolerance bounds as in (1), taking however, u(a) = 0. In addition, we assume that there are no elections at ages 69 and 70, although this is not required by the rulesn of the Austrian Academy: that is, we setū(a) = 0 for a > 28.
Some results and analysis for the Austrian Academy of Sciences follow in which we have taken the tolerance parameter ε = 1, so that u(a) = 0,ū(a) = 2u # (a). Moreover, the young-to-old ratio ρ is defined as
where θ and τ are the numbers from Proposition 1.
1. The optimal solution for R = 7. The optimal solution for this case is presented in Figure 2 (solid line). The dash-dotted line plots the upper bound for the control,ū(a). The dotted line represents the function ξ(a) − ν (the so-called switching function, re-scaled to fit to the same plot) which is to be maximized by the optimal control u(a), according to the maximum principle (11).
The average age of the Academy members is A = 20.95, or 60.95 years of age. . The minimal and the maximal number of elections per year for which the size of the Academy can be sustained at level M = 90 are R * ≈ 5.3 and R * = 10.7, respectively. The average age of the Academy members for R = 5.3 would be A ≈ 20.7, and for R = 10.7 would be A ≈ 24.9, that is, 60.7 and 64.9 years of age, respectively. Figure 3 shows the optimal solutions, u, for values R = 5.4 and R = 10.6, which are close to the ends of the admissibility domain [R * , R * ]. The optimal densities u(a) are close to the "extreme" controls u * (a) and u * (a), defined in Section 4.
3. The dependence of the minimal average age on the number of elections, R. Table 1 gives the optimal average (real) age for different admissible values of R, and the marginal increase of the average age with R.
It is striking to note that the marginal increase in the average age as the number of elections also increases. For example, an increase in the number of elections from six to seven "costs" 0.44 additional years of average age, while, increasing the number elections from nine to ten "costs" 1.22 additional years of average age. This corresponds to the general principle that the more one of the two conflicting objectives is pushed to its maximum, the greater the marginal decline of the second objective (the improvement is most costly near the optimum). 4. The role of mortality. The mortality of Academy members in Austria is lower than for the total population, and the rate per year reaches 0.01216 for the ages between 65 and 70. Nevertheless, the following results show that the effect of the mortality on the optimal solution of the problem of minimizing the average age of the members is not negligible, even for the modest tolerance ε = 1. We know already that for R = 7 elections per year the optimal average age of the members is 60.95. The young-to-old ratio is ρ ≈ 1.02. If zero mortality is assumed in the age range [40, 70] , then the calculated minimal average age is 61.35, and the young-to-old ratio becomes ρ ≈ 0.75. Thus, the presently existing mortality "contributes" to a younger Academy, as is to be expected. On the other hand, somewhat surprisingly, in the case of zero mortality the optimal election policy shifts to older ages (ρ is considerably smaller). The reason for this effect is that greater number of elections at older ages increase the intensity of exits due to reaching the maximal age ω (70 years in real age), which is the only reason for exits if the mortality is zero. In a sense, the higher recruitment intensity at old ages in the case of zero (low) mortality is a substitution for the missing (small number of) exits due to mortality. 6. Conclusions Henry (1971 Henry ( , 1972 Henry ( , 1975 pioneered the study of hierarchical organizations. In his studies on the French civil service, he showed how fluctuations in the rate of intake influence promotion through the ranks and the age structure of the organization. Another important contribution goes back to Keyfitz (1973 Keyfitz ( , 1977 who studied the differences in career opportunities in growing and stagnating organizations. In a recent study, Leridon (2004) provided a remarkable analysis of the dynamics of the French Academie des Sciences between 1666 and 2030. In a follow-up paper, ) reconstructed the population of the Austrian Academy of Sciences from 1847 to 2005. Based on alternative scenarios of the age distribution of incoming members, we then projected the population of the Austrian Academy forward in time.
In the present paper, we introduced an optimal control model to determine the optimal trade-off between the two conflicting goals: average age of the society and number of recruitments per year. Our results indicate that it is optimal to elect new members who are either young or old, with as few middle-aged recruits as possible.
It should be noted that the U-shaped recruitment policy is precisely the opposite of the observed election pattern seen in national academies (compare Leridon 2004 and ).
Extensions of the problem considered in the paper for a non-stationary population are presented in Feichtinger and Veliov (2007) .
A related issue is the assessment of promotion to tenured positions within the faculty of a university. After periods of expansion, phases of retrenchment lead to a reduction in the tenure ratio. Vaupel (1981) showed how a university should react to -or, when possible, anticipate -a reduction in the chances of getting tenure. For a junior faculty member, is a 50% chance of attaining tenure after ten years preferable to a 25% chance after five years? This brings us back to learned societies in which corresponding members wait for a promotion to full membership. We may ask which promotion policies with respect to quantum and timing should be implemented by an academy. Drastic cuts in the chances of tenure may severely diminish the loyalty of lower-level members. The design of optimal recruitment and promotion patterns would be an interesting task for future research.
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